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Abstract 
The purpose of this paper is to provide presumably new properties of Fourier cosine and sine 
transform of a function with product of a polynomial function. The author presented very short form of 
general properties of Fourier cosine and sine transform with product of a polynomial function having 
coefficients which are numbers. 
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1. Introduction and preliminaries  
The theory of Fourier series and the Fourier transform is concerned with dividing a function into a 
superposition of sine and cosine, its components of various frequencies. It is a crucial tool for 
understanding waves, including water waves, sound waves and light waves. Fourier analysis is a 
mathematical technique which enables us to decompose an arbitrary function into a superposition of 
oscillations which can be resolved into a sum of sine and cosine. The theory of Fourier series can be 
used to analyze the flow of heat in a bar and the motion of a vibrating string. Joseph Fourier a 21 years 
old mathematician and engineer announced a thesis which began a new chapter in the history of 
mathematics. Fourier’s original investigations which led to the theory of Fourier series were motivated 
by an attempt to understand heat flow [1-3]. Nowadays, the notion of dividing a function into its 
components with respect to an appropriate “orthonormal basis of functions” is one of the key ideas of 
applied mathematics, useful not only as a tool for solving partial differential equations but also for 
many other purposes as well. In this paper we presented provide presumably new general properties 
regarding to the Fourier cosine and sine transform with product of a polynomial function having 
coefficients which are numbers, by using very elementary ways.  
Definition 
The Fourier cosine transform (FCT) of the function 𝑓(𝑥) is given by 
ℱ𝑐(𝑓(𝑥)) =
√2
√𝜋
∫ 𝑓(𝑥) cos(𝑥𝜔)
∞
0
𝑑𝑥.  
The Fourier sine transform (FST) of the function 𝑓(𝑥) is given by 
ℱ𝑠(𝑓(𝑥)) =
√2
√𝜋
∫ 𝑓(𝑥) sin(𝑥𝜔)
∞
0
𝑑𝑥.  
The Fourier transform (FT) of the function 𝑓(𝑥) is given by 
ℱ𝑠(𝑓(𝑥)) =
1
√2𝜋
∫ 𝑓(𝑥)𝑒−𝑖𝑥𝜔
∞
0
𝑑𝑥.  
Where 𝑐 and 𝑠 represent cosine and sine respectively [4-7]. 
Lemma: (Properties of Fourier Cosine and Sine Transform) 
Let 𝑓(𝑥) has both Fourier cosine and sine transform. For an even natural number  𝑛, we have: 
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ℱ𝑐(𝑥
𝑛𝑓(𝑥)) = (−1)
𝑛
2
𝑑𝑛
𝑑𝜔𝑛
[ℱ𝑐(𝑓(𝑥))].   
And for an odd natural number  𝑛, we have: 
ℱ𝑐(𝑥
𝑛𝑓(𝑥)) = (−1)(
𝑛+3
2
) 𝑑𝑛
𝑑𝜔𝑛
[ℱ𝑠(𝑓(𝑥))].   
Proof. We can deduce the properties here by using the very recent work [8]. We omit the details. 
Here, we aim to present to equivalent identities for this lemma. That is, for an even natural number  𝑛, 
we have: 
ℱ𝑠(𝑥
𝑛𝑓(𝑥)) = (−1)
𝑛
2
𝑑𝑛
𝑑𝜔𝑛
[ℱ𝑠(𝑓(𝑥))].   
And for an odd natural number  𝑛, we have: 
ℱ𝑠(𝑥
𝑛𝑓(𝑥)) = (−1)(
𝑛+1
2
) 𝑑𝑛
𝑑𝜔𝑛
[ℱ𝑐(𝑓(𝑥))].   
Since the proof is similar to the above lemma we omit the details. 
2. Main Theorem 
Theorem: Consider a polynomial function, 𝑃𝑛(𝑥) = 𝑎𝑛𝑥
𝑛 + 𝑎𝑛−1𝑥
𝑛−1 + ⋯ + 𝑎2𝑥
2 + 𝑎1𝑥 + 𝑎0, with 
coefficients are numbers and assume that 𝑓(𝑥) has both Fourier cosine and sine transform. Then the 
Fourier cosine transform of a new function, 𝑃𝑛(𝑥)𝑓(𝑥), given by: 
For an even natural number  𝑛, we have: 
ℱ𝑐(𝑃𝑛(𝑥)𝑓(𝑥)) = ∑ 𝑎𝑘(−1)
𝑘
2
𝑑𝑘
𝑑𝜔𝑘
[ℱ𝑐(𝑓(𝑥))]
𝑛
𝑘=0
+ ∑ 𝑎𝑙(−1)
(
𝑙+3
2 )
𝑑𝑙
𝑑𝜔𝑙
[ℱ𝑠(𝑓(𝑥))]
𝑛−1
𝑙=1
 
Where 𝑙 = 1, 3, 5, …, 𝑛 − 1; 𝑘 = 0, 2, 4, 6, …, 𝑛. 
For an odd natural number  𝑛, we have: 
ℱ𝑐(𝑃𝑛(𝑥)𝑓(𝑥)) = ∑ 𝑎𝑙(−1)
(
𝑙+3
2 )
𝑑𝑙
𝑑𝜔𝑙
[ℱ𝑠(𝑓(𝑥))]
𝑛
𝑙=1
+ ∑ 𝑎𝑘(−1)
𝑘
2
𝑑𝑘
𝑑𝜔𝑘
[ℱ𝑐(𝑓(𝑥))]
𝑛−1
𝑘=0
 
Where 𝑙 = 1, 3, 5, …, 𝑛; 𝑘 = 0, 2, 4, 6, …, 𝑛 − 1. 
Proof. Let 𝑓(𝑥) has Fourier cosine and sine transform and for an even natural number  𝑛, we have:  
𝑃𝑛(𝑥) = 𝑎𝑛𝑥
𝑛 + 𝑎𝑛−1𝑥
𝑛−1 + ⋯ + 𝑎2𝑥
2 + 𝑎1𝑥 + 𝑎0. 
𝑃𝑛(𝑥) = (𝑎𝑛𝑥
𝑛 + 𝑎𝑛−2𝑥
𝑛−2 + ⋯ +𝑎2𝑥
2 + 𝑎0) + (𝑎𝑛−1𝑥
𝑛−1 + 𝑎𝑛−3𝑥
𝑛−3 + ⋯ +𝑎3𝑥
3 + 𝑎1𝑥). 
𝑃𝑛(𝑥) = ℎ(𝑥) + 𝑔(𝑥). 
Where ℎ(𝑥) = 𝑎𝑛𝑥
𝑛 + 𝑎𝑛−2𝑥
𝑛−2 + ⋯ +𝑎2𝑥
2 + 𝑎0 implies all powers of variable 𝑥 are even and 
𝑔(𝑥) = 𝑎𝑛−1𝑥
𝑛−1 + 𝑎𝑛−3𝑥
𝑛−3 + ⋯ +𝑎3𝑥
3 + 𝑎1𝑥 with all powers of variable 𝑥 are odd. The Fourier 
cosine transform of a new function, ℎ(𝑥)𝑓(𝑥), given by 
ℱ𝑐(ℎ(𝑥)𝑓(𝑥)) =
√2
√𝜋
∫ ℎ(𝑥)𝑓(𝑥) cos(𝑥𝜔)
∞
0
𝑑𝑥 
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ℱ𝑐(ℎ(𝑥)𝑓(𝑥)) =
√2
√𝜋
∫{𝑎𝑛𝑥
𝑛 + 𝑎𝑛−2𝑥
𝑛−2 + ⋯ +𝑎2𝑥
2 + 𝑎0}𝑓(𝑥) cos(𝑥𝜔)
∞
0
𝑑𝑥. 
By using lemma and arranging the powers of suitable terms, after simplification, we obtain 
ℱ𝑐(ℎ(𝑥)𝑓(𝑥)) = 𝑎0ℱ𝑐(𝑓(𝑥)) − 𝑎2
𝑑2
𝑑𝜔2
[ℱ𝑐(𝑓(𝑥))] + ⋯ + 𝑎𝑛(−1)
𝑛
2
𝑑𝑛
𝑑𝜔𝑛
[ℱ𝑐(𝑓(𝑥))] 
ℱ𝑐(ℎ(𝑥)𝑓(𝑥)) = ∑ 𝑎𝑘(−1)
𝑘
2
𝑑𝑘
𝑑𝜔𝑘
[ℱ𝑐(𝑓(𝑥))]
𝑛
𝑘=0
.                                                                   (1) 
Where  𝑘 = 0, 2, 4, 6, …, 𝑛. 
Similarly the Fourier cosine transform of a new function, 𝑔(𝑥)𝑓(𝑥), given by 
ℱ𝑐(𝑔(𝑥)𝑓(𝑥)) =
√2
√𝜋
∫ 𝑔(𝑥)𝑓(𝑥) cos(𝑥𝜔)
∞
0
𝑑𝑥 
ℱ𝑐(𝑔(𝑥)𝑓(𝑥)) =
√2
√𝜋
∫{𝑎𝑛−1𝑥
𝑛−1 + 𝑎𝑛−3𝑥
𝑛−3 + ⋯ +𝑎3𝑥
3 + 𝑎1𝑥}𝑓(𝑥) cos(𝑥𝜔)
∞
0
𝑑𝑥. 
Using lemma and arranging the powers of suitable terms, after little algebra, we obtain 
ℱ𝑐(𝑔(𝑥)𝑓(𝑥)) = 𝑎1
𝑑
𝑑𝜔
[ℱ𝑠(𝑓(𝑥))] − 𝑎3
𝑑3
𝑑𝜔3
[ℱ𝑠(𝑓(𝑥))] + ⋯ + 𝑎𝑛−1(−1)
(
𝑛+2
2 )
𝑑𝑛−1
𝑑𝜔𝑛−1
[ℱ𝑠(𝑓(𝑥))] 
ℱ𝑐(𝑔(𝑥)𝑓(𝑥)) =  ∑ 𝑎𝑙(−1)
(
𝑙+3
2 )
𝑑𝑙
𝑑𝜔𝑙
[ℱ𝑠(𝑓(𝑥))]
𝑛−1
𝑙=1
.                                                              (2) 
Where  𝑙 = 1, 3, 5, …, 𝑛 − 1. 
Combining (1) and (2), the Fourier cosine transform of a new function, 𝑃𝑛(𝑥)𝑓(𝑥), obtained as:  
ℱ𝑐(𝑃𝑛(𝑥)𝑓(𝑥)) = ∑ 𝑎𝑘(−1)
𝑘
2
𝑑𝑘
𝑑𝜔𝑘
[ℱ𝑐(𝑓(𝑥))]
𝑛
𝑘=0
+ ∑ 𝑎𝑙(−1)
(
𝑙+3
2 )
𝑑𝑙
𝑑𝜔𝑙
[ℱ𝑠(𝑓(𝑥))]
𝑛−1
𝑙=1
. 
Similarly for an odd natural number  𝑛, we have:  
𝑃𝑛(𝑥) = 𝑎𝑛𝑥
𝑛 + 𝑎𝑛−1𝑥
𝑛−1 + ⋯ + 𝑎2𝑥
2 + 𝑎1𝑥 + 𝑎0. 
𝑃𝑛(𝑥) = (𝑎𝑛𝑥
𝑛 + 𝑎𝑛−2𝑥
𝑛−2 + ⋯ +𝑎3𝑥
3 + 𝑎1𝑥) + (𝑎𝑛−1𝑥
𝑛−1 + 𝑎𝑛−3𝑥
𝑛−3 + ⋯ +𝑎2𝑥
2 + 𝑎0). 
𝑃𝑛(𝑥) = 𝑞(𝑥) + 𝑟(𝑥). 
Where 𝑞(𝑥) = 𝑎𝑛𝑥
𝑛 + 𝑎𝑛−2𝑥
𝑛−2 + ⋯ +𝑎3𝑥
3 + 𝑎1𝑥 implies all powers of variable 𝑥 are odd and 
𝑟(𝑥) = 𝑎𝑛−1𝑥
𝑛−1 + 𝑎𝑛−3𝑥
𝑛−3 + ⋯ +𝑎2𝑥
2 + 𝑎0 with all powers of variable 𝑥 are even. Then using 
the previous suitable properties with simplification of little algebra the Fourier cosine transform of a 
new functions, 𝑞(𝑥)𝑓(𝑥) and 𝑟(𝑥)𝑓(𝑥), are given by 
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ℱ𝑐(𝑞(𝑥)𝑓(𝑥)) = ∑ 𝑎𝑙(−1)
(
𝑙+3
2 )
𝑑𝑙
𝑑𝜔𝑙
[ℱ𝑠(𝑓(𝑥))]
𝑛
𝑙=1
  𝑎𝑛𝑑  ℱ𝑐(𝑟(𝑥)𝑓(𝑥))
= ∑ 𝑎𝑘(−1)
𝑘
2
𝑑𝑘
𝑑𝜔𝑘
[ℱ𝑐(𝑓(𝑥))]
𝑛−1
𝑘=0
 
respectively. 
Thus the Fourier cosine transform of a new functions, 𝑃𝑛(𝑥)𝑓(𝑥), are given by 
ℱ𝑐(𝑃𝑛(𝑥)𝑓(𝑥)) = ℱ𝑐([𝑞(𝑥) + 𝑟(𝑥)]𝑓(𝑥))
= ∑ 𝑎𝑙(−1)
(
𝑙+3
2 )
𝑑𝑙
𝑑𝜔𝑙
[ℱ𝑠(𝑓(𝑥))]
𝑛
𝑙=1
+ ∑ 𝑎𝑘(−1)
𝑘
2
𝑑𝑘
𝑑𝜔𝑘
[ℱ𝑐(𝑓(𝑥))]
𝑛−1
𝑘=0
. 
Where 𝑙 = 1, 3, 5, …, 𝑛; 𝑘 = 0, 2, 4, 6, …, 𝑛 − 1. 
3. Conclusions  
The objective of this paper is to provide a brief representation of any function in the integral form. 
Fourier cosine and sine transform of a function after multiplying the given function by a polynomial 
function with coefficient are numbers provide the relationship between Fourier cosine and sine 
transform. Significance of this study will help to represent the solutions of ODEs, PDEs, and integral 
equations that involving polynomial function terms in the integral form of simper functions of cosine 
and sine. 
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